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Abstract 
Based on airship model, the dynamics of an airship are studied in the three dimensional (3D) space and the 
longitudinal plane respectively. All possible relative equilibrium motion of airship is discussed. A nonlinear feedback 
law is derived to stabilize steady flight paths robust to disturbance. The equilibrium path and the transformation of 
control input are also designed. On this basis, we investigate the feasibility and the stability of the equilibrium flight 
of the airship. The simulation results and the prototype test results verify the theoretical analysis.  
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1. Introduction
In relation to existing methods of high altitude platform station, autonomous airship offers a host of
technical advantages: low cost, superior spatial, reclaimable, longer duration missions, et al. These 
advantages are expected to be greatest when multiple autonomous airships are operated cooperatively in a 
network to serve as a wireless communication relay station [1-2]. 
In this paper, the airship model derived in [2] is applied to an analysis of airship dynamics. This 
analysis makes use of several variations of the airship model. The longitudinal model is derived from the 
three-dimensional airship model and is used to determine equilibrium path. The all possible relative 
equilibrium motion of airship is discussed. But only two kinds of relative equilibrium motion, the straight 
line and circular helical motions, are steady solutions of airship dynamics. The nonlinear feedback control 
transformation changes the manner in which the internal masses are controlled, so that the acceleration of 
the internal sliding mass is a control input. This allows the position of the masses to be fixed inside the 
hull and results in improved flight stability. Then, the airship dynamics in the longitudinal plane and 3D 
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space are analyzed respectively. Finally, the simulation result and conclusion are presented after 
analyzing. Accordingly, this work complements the efforts on [2-4]. 
Note: All unspecified symbols or variables of this paper have the same signification as described in [2]. 
2. Mathematical Model for Airship Dynamics 
A mathematical model including wind effects for describing airship dynamics is presented in [2]. The 
Va is velocity of the airship relative to the wind of this model, expressed in the body frame. Note that the 
aerodynamic forces on the airship are a function of Va. Except when specified otherwise, this paper takes 
currents Va to be zero. Note that in much of the analysis this assumption does not change the airship’s 
dynamics. The difference between many flight motions with or without currents is simply the 
superposition of the current velocities onto the airship motion without currents. In this section we present 
the equations of motion of this model in different conditions. The three degrees of freedom model of 
airship excluding wind term can be derived from [2]: 
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This paper mainly focuses on finding the relations among force, velocity and acceleration of ballast, 
balloon and airship body. Therefore, the Eq.(1) does not include propeller input, namely, the airship flight 
propelled only by the couple motion of internal mass. When this model is specialized to the longitudinal 
plane, it’s model excluding wind term can be derived from Eq.(23) of [2]: 
                    (2) 
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The kinematics of the airship is also presented in [2]: 
                                                                                                                            (3) ˆ .R R= Ω& .b RV=&
3. Relative Equilibrium Solutions 
The dynamics of airship are described on the phase space TSE(3), the tangent bundle of SE(3). Eq.(3) 
has presented the airship kinematics equations. The conditions for relative equilibrium of SE(3) are: 
0,V =&                                                                                                                                  (4) 0.Ω =&
The conditions [Eq.(4)] and the kinematics [Eq.(3)] are a result of the system evolving on the SE(3) 
configuration space. They are valid irrespective of the exact forces and moments acting on the airship. So 
the all possible relative equilibrium on SE(3) are as follow theorem: 
Theorem 1. The following four types of motion describe all possible SE(3) relative equilibrium that 
satisfy conditions Eq.(4). Case 1: Motion along a straight line without any rotation. Case 2: Pure rotation. 
Case 3: Motion along a straight line with rotation about the direction of motion. Case 4: Motion along a 
circular helix. 
Proof: A set of identities should be derived for classifying all possible relative equilibrium.  
Constancy of speed: Since V is constant for a relative equilibrium we can conclude from Eq.(3): 
       ||                                                                                                                              (5) || tan .b cons t=
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.
Constancy of acceleration magnitude: Differentiating the second equation of Eq.(3) we get: 
                                                                         (6) ˆ || || tan ( 0).b RV RV R V b cons t V= + = Ω ⇒ =&& &&& & &
From Eq.(6) we can also calculate: 
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Orthogonality of acceleration and angular velocity: 
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Eq.(5)-(8) must be satisfied by all SE(3) relative equilibrium. There has two conditions: ω=0 or ω≠0 
from Eq.(8). First, consider the condition of ω=0. Since Ω=R-1ω, ω=0 implies Ω=0. Thus, from Eq.(6) we 
have , i.e.,  , which corresponds to motion along a straight line (case 1). 0b =&& tanb cons t=&
When ω≠0 we can divide into two subcases: from Eq.(8) either or . When , 0b =&& b ω⊥&& 0b =&&
tandb dt cons t= and we can employ Eq.(6) to conclude that either V=0 or Ω//V. The situation of V=0 
corresponds to a pure rotation of the rigid body (case 2). The situation of Ω//V is rotation of the rigid body 
about the direction of translation (case 3).  
In the rest of the proof we show that b  corresponds to the motion of the rigid body along a circular 
helix by showing that the curvature κq and the torsion τr are constant for this case. According to the 
definition of the Frenet-Serret equation (3) [5] we have the following definition of κq(t):  
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where is the speed of the frame. ε is the angle between V and Ω. T(t) is the first of the three basis 
vectors of the Frenet-Serret frame is chosen along the tangent of the path traced by the frame.  
|| ||bV b= &
The other two vectors of the Frenet-Serret frame can be chosen as follows: 
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Furthermore, from the above definition of N(t) and B(t): 
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since κq and τr are constants, the relative equilibrium motion is along a circular helix (case 4). 
4. Feedback Control Transform of Longitudinal Model 
The acceleration of the moving mass can be calculated by differentiating Eq.(2): 
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Let  and . The determinant of L is always greater than zero, so L-1 is 
well defined. The feedback control law can be chosen as: 
1 3 1 3[ , ] [ , ]= ⇒ =&& && &&y y y y y yU r U U r r = &&bU mq
                                                                                                           (15) 11 3 1 3[ , ] [ ( , )].y y y yu u L Z U U
−
= +
Using Eq.(15) we substitute for uy1 and uy3 in the last line of Eq.(2) to get the remaining (nonlinear) 
equations of motion: 
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5. Three-Dimensional Equations of Airship 
The longitudinal model of airship has presented by Eq.(2) and the transformation from force to 
acceleration control for longitudinal dynamics has discussed in above section. The force to acceleration 
transformation may be extended to the dynamics representing three-dimensional motion of the airship also 
[4]. The equations of motion for dynamics of airship from Eq.(1) can be presented: 
1 1
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where the term Гy can be got from Eq.(18) in [2] and substituting it into Eq.(19) in this paper. 
The term Eq(4) of airship equilibrium motion implies V and Ω are constant. Since V is constant, the 
attack angle α and sideslip angle β, which are defined entirely by the components of V, are also constant. 
This implies that the external force FA and torque MA are also constant. Thus, we see that all terms of F2 
and T2 except possibly those involving RTk are constant. But since we require F2=T2=0 for relative 
equilibrium, we can infer that RTk must be constant at relative equilibrium, i.e., 
[ sin ,cos sin ,cos cos ] tan .TR k cons tθ θ φ θ φ= − =                                                                     (20) 
The pitch angle θ and roll angle ф are constants for relative equilibrium motion from Eq.(20). Note the 
general relation between the body-coordinates angular velocity Ω and the YPR Euler angle rates: 
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⎥                                                                                              (21) 
since Ω, θ and ф are constant we require tancons tψ =&  for Eq. (21) to be satisfied.  
Since RTk is constant we have: 
( )ˆ/ ( ) 0 ( ) 0 ( ) 0 ( ) 0 0.T T T T T Td dt R k R k R k R R R k R kω= ⇒ Ω = ⇒ Ω× = ⇒ Ω× = ⇒ × =         (22) 
The last equality implies that ω=0 or ω//k. The former is true for straight line motion (case 1 of 
theorem 1) and the latter for circular helix motion (case 4 of theorem 1). Thus, for equilibrium motion 
along a circular helix, the axis of the helix must be aligned with the direction of gravity.  
6. Dynamics Simulation 
 (a)     (b) 
Fig.1. (a) flight path in the longitudinal plane; (b) a steady circular helix flight 
Fig.1.(a)-(b) show the flight path in the longitudinal plane and in 3D pace of an airship simulated using 
the airship dynamic model. Fig.1.(a) shows four steady flight segments and three stable inflections 
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between upwards and downwards flights with Ve=2.0m/s and ζe= ±200, ±300 respectively. Fig.1.(b) shows 
a spiral flight with Ve=2.0m/s and ζe= ±200 respectively. Tab.1.(a) is given the airship parameters. Tab.1(b) 
shows the parameters of equilibrium flight of airship, which are presented in [3]. Also the motion strategy 
of ballast and balloon are presented in [3]. 
Tab.1. (a) airship parameters; (b) parameters of equilibrium flight 
(a)  (b) 
ry3 3.0[m] CX0 -0.246 ρ 1.29[kg.m3]  ζe[deg] 20 -20 30 -30 
my 100[kg] CX1 -2.461 CY1 -4.922  Ve[m/s] 2.0 2.0 2.0 2.0 
mj 385[kg] CZ1 -9.844 Cl1 -1.550  αe[deg] -4.141 4.141 -2.529 2.529 
mw 550[kg] Cn1 1.550 Cm1 -1.550  θe[deg] 15.86 -15.86 27.47 -27.47 
Λ 500[m3] Mf11 = M22 = M33 1250[kg]  ue[m/s] 1.995 1.995 1.998 1.998 
g 9.8[m/s2] Jf11 = Jf22 = Jf33 1500[kg.m2]  we[m/s] -0.144 0.144 -0.088 0.088 
CZ0 = Cl0 = Cm0 = Cn0 0  ry1e[m] -0.699 0.699 -1.458 1.458 
K11 = K12 = K13 = K21 = K22 = K23 -300  mqe[kg] 52.443 77.557 56.678 73.322 
Fig.2.(a)-(c) show the parameters of airship equilibrium flight in longitudinal plane. The orientation 
and attitude of airship are shown in Fig.2.(a)-(b). The ballonet and ballast input are shown in Fig.2.(c). 
From Tab.1.(b) and Fig.2.(a)-(c), we can get some results as follow: 1) All states can be converged to their 
desired equilibrium values with different tz (tz=10s, dotted line, and tz=20s, real line); 2) To the same tz or 
|ζe| condition, the airship system is more oscillatory with the larger |ζe| or smaller tz. 3) The airship flight 
more smoothly when tz=20s than tz=10s. Namely, the airship flight is a steady flight in longitudinal plane. 
It is verified the case 1 of theorem 1. 
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 Fig.2. (a)-(b) transition curves of longitudinal plane states; (c) the ballonet and ballast input 
Fig.3.(a)-(f) show the parameters of airship equilibrium flight in 3D space. The position of airship is 
shown in Fig.3.(d). Angular and linear velocities are shown in Fig.3.(b)-(c). The orientation of airship is 
shown in Fig.3.(a). The ballonet and ballast input are shown in Fig.3.(e)-(f). The value of ф is determined 
by position of ballast ry2. But the relation model between ф and ry2 is very difficult to establish. Here, 
parameters |ry2|=1.855m and |ф|=300 are measured by experiment. The term tz=10s and other parameters 
are still presented in Tab.1.(b). 
From Tab.1.(b) and Fig.3, we can get results: 1) The angler velocity Ω is unequal to zero because the 
parameter ф and θ are unequal to zero; 2) Although the convergence values of some states have small 
difference to Tab.1.(b), the equilibrium flight of airship is really existence in 3D space. Similarly, the 
parameter value of tz will affect the flight performance of airship. It is verified the case 4 of theorem 1. 
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Fig.3. (a) RPY angle of airship; (b)-(c) velocities of airship; (d) airship position in inertial frame; (e)-(f) the ballonet 
and ballast input 
7. Conclusion 
In this paper airship dynamics, including steady flight equilibrium and switching between steady 
flights are analyzed using the airship dynamic model. The analysis makes use of several versions of the 
airship model, including a model confined to the longitudinal plane and the full three dimensional airship 
models. A nonlinear control law and a state transformation are presented for studying airship dynamics. 
The control law can be interpreted as the realization of constraint forces associated with a suspension 
system for a controlled internal moving mass. The stability and existence of two kinds of relative 
equilibrium motion, the straight line and circular helical motions, are verified. 
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